Etale Morphisms k
n → k n and the Jacobian Conjecture
In this section, we devote ourselves to proving the Jacobian Conjecture. Proof. We may assume that k = C, the field of complex numbers by "Lefschetz Principle" (cf. [4, p.290] ). The extension D/B is etale and finite, and so M ax(D) → M ax(B) ∼ = C n is a (connected) covering. Since C n is simply connected, we have D = B. (An algebraic proof of the simple connectivity of C n is seen in [14] .)
Recall the following well-known results, which are required for proving Theorem 1.2 below.
Lemma A ([9,(21.D)]). Let (A, m, k) and (B, n, k ′ ) be Noetherian local rings and φ : A → B a local homomorphism (i.e., φ(m) ⊆ n ). If dim B = dim A+dim B ⊗ A k holds and if A and B ⊗ A k = B/mB are regular, then B is flat over A and regular.
Proof. If { x 1 , . . . , x r } is a regular system of parameters of A and if y 1 , . . . , y s ∈ n are such that their images form a regular system of parameters of B/mB, then { ϕ(x 1 ), . . . , ϕ(x r ), y 1 , . . . , y s } generates n. and r + s = dim B. Hence B is regular. To show flatness, we have only to prove Tor A 1 (k, B) = 0. The Koszul complex K * (x 1 , . . . , x r ; A) is a free resolution of the A-module k. So we have Tor A 1 (k, B) = H 1 (K * (x 1 , . . . , x r ; A) ⊗ A B) = H 1 (K * (x 1 , . . . , x r ; B)). Since the sequence ϕ(x 1 ), . . . , ϕ(x r ) is a part of a regular system of parameters of B, it is a B-regular sequence. Thus H i (K * (x 1 , . . . , x r ; B)) = 0 for all i > 0.
Corollary A.1. Let k be a field of characteristic zero and let R = k[X 1 , . . . , X n ] be a polynomial ring. Let S be an R-algebra of finite type. If S is unramified over R, then S is etale over R.
Proof.
We have only to show that S is flat over R. Take P ∈ Spec(S) and put p = P ∩ R. Then R p ֒→ S P is a local homomorphism. Since S P is unramified over R p , we have dim S P = dim R p and S P ⊗ Rp k(p) = S P /P S P = k(P ) is a field. So by Lemma A, S P is flat over R p . Therefore S is flat over R. Let S be a scheme and let (X, f ) and (Y, g) be S-schemes. For a scheme Z, |Z| denotes its underlying topological space. Let p : X × S Y → X and q : X × S Y → Y be projections. Then the map of topological spaces |p| × |S| |q| : |X × S Y | → |X| × |S| |Y | is surjective.
Proof. Let x ∈ X, y ∈ Y be points such that f (x) = g(y) = s ∈ S. Then the residue class fields k(x) and k(y) are the extension-fields of k(s). Let K denote an extension-field of k(s) containing two fields which are isomorphic to k(x) and k(y). Such field K is certainly exists. For instance, we have only to consider the field
ix − −−− →X, where i x is the canonical immersion as topological spaces and the identity i * x (O X ) = O X,x as structure sheaves. Let y K be the one similarly defined as x K . By the construction of x K , y K , we have
consists of a single point, putting its image = z, we have p(z) = x, q(z) = y. Therefore the map of topological spaces |p| × |S| |q| : |X × S Y | → |X| × |S| |Y | is surjective.
Lemma D ([10, p.51,Theorem 3']). Let k be a field and let V be a k-affine variety defined by a k-affine ring R (which means a finitely generated algebra over k) and let F be a closed subset of V defined by an ideal I of R. If the variety V \ F is k-affine, then F is pure of codimension one.
Lemma E. Let k be a field and let A be a k-affine ring. Let G be a finite group acting on A where no element of k is moved by any element of G. Then the ring A G of invariants is also a k-affine ring.
Proof. It is well-known that A is integral over
It is obvious that C is a k-affine ring and that A is integral over C. Since A is finitely generated C-algebra, A is a finitely generated C-module. Since C is Noetherian, A G is also a finitely generated C-module. Hence A G is a finitely generated k-algebra.
Lemma F. Let A be an integral domain containing a field k of characteristic zero, let B be a k-subalgebra of A such that A is of finite type over B and let G ⊆ Aut B A be a finite group. Let
Proof. First, we show that (IA)
The first equality is obvious. So we show the second equality. Put r = #G. Take α ∈ IA ∩ A G . Then we can write α = c 1 a 1 + · · · + c n a n with a i ∈ A, c i ∈ I. We have
Hence α ∈ IA G because r is invertible since B contains the field k of characteristic zero. The converse inclusion is trivial. Thus IA∩A G = IA G . Second, take a prime ideal of P of A G and put p = P ∩ B. Note that A is integral over A G and hence that A is finite over A G because A is finite type over A G . So there exists a prime ideal P ′ of A such that P ′ ∩ A G = P . Since A is unramified over B, pA is a radical ideal and hence pA G = pA ∩ A G is also a radical ideal of A G . So we have pA
Lemma G([11, Ch.IV,Corollary 2]). Let A be an integral domain and let B be an A-algebra of finite type which is quasi-finite over A. Let A be the integral
Lemma H([3, Corollary 7.10]). Let k be a field, A a finitely generated kalgebra. Let M be a maximal ideal of A. Then the field A/M is a finite algebraic extension of k. In particular, if k is algebraically closed then A/M ∼ = k.
The following is our main theorem. Theorem 1.2 (The Jacobian Conjecture). Let k be a field of characteristic zero, let k[X 1 , . . . , X n ] be a polynomial ring over k, and let f 1 , . . . , f n be elements in
In the case (total) deg f i ≤ 2 for all i, Theorem 1.2 was proved in [12] and [13] .
Remark that if n = 1 then Theorem 1.2 can be proved easily. Remark 1.3. In order to prove Theorem 1.2, we have only to show that the
, we can write for each i = 1, . . . , n:
where
Let L be an intermediate field between k and k ′ which contains all the coefficients of F i and is a finite Galois extension of k. Let G = G(L/k) be its Galois group and put m = #G. Then G acts on a polynomial ring L[X 1 , . . . , X n ] such that X g i = X i for all i and all g ∈ G that is, G acts on coefficients of an element in L[X 1 , . . . , X n ]. Hence
So we may assume that k is algebraically closed.
As we treat affine domains over an algebraically closed field, Spec( ) and M ax( ) can be used interchangeably as in [4, p.294] .
The Proof of Theorem 1.2. Note that k is assumed to be algebraically closed by Remark 1.3. Put T = k[X 1 , . . . , X n ] and S = k[f 1 , . . . , f n ]. Let K( ) denote the quotient field of ( ).
There exists a minimal finite Galois extension L of K(S) containing T because K(T )/K(S) is a finite algebraic extension.
Let G be the Galois group G(L/K(S)). Put G = { σ 1 = 1, σ 2 , . . . , σ ℓ }, where
Put
which has the natural T -algebra structure by
is etale, and the natural surjection ψ : 
is a closed immersion and an open map because a flat morphism is an open map by Lemma B. Thus Spec(D) = V (I) ⊆ Spec(T # ) is a connected component of Spec(T # ). So we have seen that the natural Shomomorphism T ֒→ T # → D is etale and that Spec(D) is a connected component of Spec(T # ). Note that T
# is reduced because T # is unramified over S, and that dim S = dim T = dim D because S, T and D are all k-affine domains with the same transcendence degree over k.
Let (0) = s i=1 P i be an irredundant primary decomposition in T # . The P i 's are all prime ideals of T # . Note that I is a prime ideal of T # and that dim S = dim T = dim T σ = dim D for each σ ∈ G. Thus there exists j, say j = 1, such that I = P 1 . In this case, P 1 + s i=2 P i = T # and T # /P 1 ∼ = D as T -algebra. Note that T is considered to be a subring of T # by the canonical injective homomorphisms
# is flat, the GD-theorem [9, (5.D)] holds for this homomorphism. In the decomposition (0) = s i=1 P i each P i is a minimal prime divisor of (0), so we have T ∩ P i = (0) for all i = 1, . . . , s.
Considering i : T ֒→ T + P 1 ֒→ T # , we have Spec(T # ) → Spec(T + P 1 ) → Spec(T ), which is surjective as was shown above. So Spec(T + P 1 ) → Spec(T ) is surjective. Consider
To observe this more precisely, consider the following commutative diagram :
Spec(T )
It is obvious that for a maximal ideal m of T , m + P 1 is a maximal ideal of T + P 1 containing P 1 . Let m a maximal ideal of T . So m + P 1 is a maximal ideal of T + P 1 containing P 1 . Now let m be a maximal ideal of T . Note that both T and T # are k-affine rings and that a i : Spec(T # ) → Spec(T ) is surjective and etale as mentioned above. So
) is a finite algebraic field extension for all M λ ∈ ∆. Note that T and T # are k-affine 
is a minimal primary decomposition of (0), which is a contradiction. Therefore mT
is surjective by the above diagram. Therefore we have
. Note that D G is an affine algebra over k by Lemma E. So it follows from Lemma D that F is pure of codimension one. Since S is a polynomial ring over a field, the defining ideal J of F is a principal ideal, say (f ) with f ∈ S. Note that ( 
Generalization of The Jacobian Conjecture
The Jacobian Conjecture (Theorem 1.2) can be generalized as follows.
Theorem 2.1. Let A be an integral domain whose quotient field K(A) is of characteristic zero. Let f 1 , . . . , f n be elements of a polynomial ring A[X 1 , . . . , X n ] such that the Jacobian determinant det(∂f i /∂X j ) is a unit in A. Then
Proof. It suffices to prove
with c i1···in ∈ K(A). If we set f i = a i1 X 1 + . . . + a in X n + (higher degree terms), a ij ∈ A , then the assumption implies that the determinant of a matrix (a ij ) is a unit in A. Let Y i = a i1 X 1 + . . . + a in X n (1 ≤ i ≤ n). Then A[X 1 , . . . , X n ] = A[Y 1 , . . . , Y n ] and f i = Y i + (higher degree terms). So to prove the assertion, we can assume that without loss of generality the linear parts of f 1 , . . . , f n are X 1 , . . . , X n , respectively. Now we introduce a linear order in the set {(i 1 , . . . , i n ) | i k ∈ Z} of lattice points in R n (where R denotes the field of real numbers) in the way : (i 1 , . . . , i n ) > (j 1 , . . . , j n ) if (1) 
